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INTRODUCTION.

When one extends the notion of a magic square and cube to higher dimensional spaces, one is literally at a loss for words. One used to talk about the long and short diagonals of a cube. That is no longer adequate.

Besides myself, Meredith Houlton, Aale de Winkel, Harvey Heinz, et al, have worked to extend both the order and the dimension of n-dimensional magic hypercubes – to get examples – to figure out the secrets and to uncover the mystery of making them.

The schoolteacher wants a simple example where a simple example may still be too complicated except for the brightest students. Here I attempt to provide some insight into the complexity of the problem, and provide more information on what has been accomplished.

The simplest in the sense of easiest, or smallest with bare minimum requirements, I call regular. Perfect means that the hypercube can add up to the Magic Sum in all possible ways. Perfect also means that you may sum the Magic Sum in 3n –1 possible directions through every point in modular space.  Perfect is the most magical because all the hyperplanes are also perfect. The differences are shown in a side-hy-side comparison,

I use bimagic and multimagic as a separate feature that some magic hypercubes may possess even though they 

are extremely hard to make. Let us examine what kinds of changes occur as the dimension increases by looking at the specifications.

IN A ZERO DIMENSIONAL SPACE:

The simplest regular and perfect magic hypercube reduce to a point with the number “1” assigned and it is considered to be a trivial case.

IN A ONE DIMENSIONAL SPACE THE SMALLEST:
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Figure 1. One is at –1 and

Two is at + ½. 

REGULAR MAGIC HYPERCUBE IS a Magic Line of Order 2, containing the numbers 1 and 2 and the Magic Sum is 3.
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Figure 2. 2 is at -1½, 4 is at -½ etc.

PERFECT MAGIC HYPERCUBE is an evenly balanced Magic Line of Order 4. It contains the numbers 1,2,3, 4 and are arranged so that if the numbers were considered as weights, then the balance is achieved. Magic sum is 10. This has an extra feature in that it is bimagic where the sum is 30. The interval shown on the scales is ½, so we have


2(-1½) + 4(-½) + 1(½) + 3(1½) = 0    

4(-1½) + 16(-½) + 1(½) + 9(1½) = 0

IN A TWO DIMENSIONAL SPACE THE SMALLEST
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      Figure 3.

REGULAR  MAGIC HYPERCUBE is a Magic Square of Order 3. This goes back to the first Emperor of China and sums 15 in 

 3 rows   (parallel to  x-axis). 

 3 columns (parallel  y-axis)


 2 diagonals  (continuous)

	4
	9
	16
	5
	
	4
	9
	16
	5

	14
	7
	2
	11
	
	14
	7
	2
	11

	1
	12
	13
	8
	
	1
	12
	13
	8

	15
	6
	3
	10
	
	15
	6
	3
	10

	Figure 4a.. Diagonals
including broken ones.
	
	Figure 4b. Diagonals
including broken ones.


PERFECT MAGIC HYPERCUBES are pandiagonal magic squares of Order 4. They were well known to the

Jaina priests at Nasik, India around 1100 A.D.

All the numbers from 1 to 16 are arranged in such a way that the Magic Sum is;

 in:

 4 rows   
(parallel to  x-axis). 

 4 columns 
(parallel  y-axis)


 8 diagonals  
(both continuous & broken)     

             Altogether, 16 ways  

IN A 3-DIMENSIONAL SPACE THE SMALLEST:
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Figure 5. There are 4 basic magic cubes of order 3. 

REGULAR MAGIC HYPERCUBE is a Magic Cube of Order 3.

All the numbers from 1 to 27 are arranged in such a way that the Magic Sum is 42 in 31 ways,

    9 rows   
(parallel to  x-axis). \

    9 columns 
(parallel  y-axis)


    9 pillars 
(parallel to  z-axis)

    4 triagonals (continuous)

It is believed that Fermat discovered the first magic cube, but it was of order 4.

PERFECT MAGIC HYPERCUBES are Perfect Magic Cubes of Order 8. After many people had claimed the 

first one, Benson & Jacoby, in Magic Cubes New Recreations Dover, 1981 presented  one in Chapter 5. There is still controversy about who made the first one.

All the numbers from 1 to 512 are arranged in such a way that the Magic Sum is;

2,052 in:

  64 rows   
(parallel to  x-axis). 

\

  64 columns 
(parallel  y-axis)


  64 pillars 
(parallel to  z-axis)

 384 diagonals  (both continuous & broken)     

             256 triagonals (both continuous & broken))

Altogether, 832 ways which includes 24.Pandiagonal Magic Squares of Order 8.

IN A 4-DIMENSIONAL SPACE THE SMALLEST
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Figure 6. A Magic Tesseract of order 3.

REGULAR MAGIC HYPERCUBE is a Magic Tesseract of Order 3.

John R. Hendricks redrew the tesseract in 1951 had it published in 1962. All the \\

 numbers from 1 to 81 are arranged in such a way that the Magic Sum is 123 in:

27 rows 
(parallel x-axis)

27 columns 
(parallel  y-axis)


27 pillars 
(parallel to  z-axis\

27 files    
(parallel to  w-axis)     

              8 quadragonals (continuous)

Altogether, 116 ways 

PERFECT MAGIC HYPERCUBES are Perfect Magic Tesseracts of Order 16. John R. Hendricks 21 May 1999. Dr. Clifford Pickover checked all additions by computer using about 10 hours of computer time.

All the numbers from 1 to 65,536 are arranged in such a way that the Magic Sum is;
524,296 in:

              4,096 rows
(parallel to  x-axis). It contains 1536 perfect magic squares
              4,096  columns 
(parallel  y-axis)
              4,096 pillars 

(parallel to  z-axis\
              4,096 files     

(parallel to w-axis)
            49,152 diagonals  
(both continuous & broken)     
            65,536 triagonals 
(both continuous & broken)
           32,768 quadragonals (continuous & broken)
Altogether, 163,840 ways, which includes 1536 perfect magic squares and 64 
perfect magic cubes.

IN A 5-DIMENSIONAL SPACE THE SMALLEST REGULAR  MAGIC HYPERCUBE is  of Order 3. Discovered by Hendricks May 1962.

All the numbers from 1 TO 243 are arranged in such a way that the Magic Sum is: 366 in:

                   81 rows   

(parallel to x-axis)

                   81 columns 
(parallel y-axis)

                   81 pillars 

(parallel to z-axis)

                   81 files     

(parallel to w-axis)

                   81 posts   

(parallel to v-axis)

                   16 pentagonals (continuous)

Altogether 421 ways.

PERFECT MAGIC HYPERCUBES are of Order 32. Discovered by John R. Hendricks 21 May 1999.

All the numbers from 1 to 33,554,432 arranged in such a way that the Magic Sum is;

536,870,928 in:



1,044.576 rows   
(parallel to  x-axis)




1,044.576 columns 
(parallel  y-axis)




1,044;576 pillars 
(parallel to  z-axis)

            1,044.576 files     
(parallel to w-axis)



 
1.044,576 posts   
(parallel to v-axis)

      20,971,220 diagonals  
(both continuous & broken)



      41,943,040 triagonals 
(both continuous & broken)



      41.943,040 quadragonals (both continuous & broken)



      16,777.216 pentagonals (both continuous & broken)

Altogether  126,877.696 ways.which includes  160 perfect Magic Tesseracts,

10,240 perfect  Magic Cubes and 327,680 perfect Magic Squares.



The booklet, Perfect n-Dimensional Magic Hypercubes of Order 2n 

by Hendricks shows how to make the smallest Perfect one of any

dimension, 

IN A 6-DIMENSIONAL SPACE THE SMALLEST 

REGULAR  MAGIC HYPERCUBE is  of Order 3. Discovered by Hendricks May 1962.

All the numbers from 1 TO 729 are arranged in such a way that the Magic Sum is: 

1095 in::



243 rows   (parallel to  x-axis)




243 columns (parallel  y-axis)




243 pillars (parallel to  z-axis)

            243 files     (parallel to w-axis)


243 posts   (parallel to v-axis)


243 ???      (parallel to u axis)

              32     hexagonals (continuous)

Altogether  1490 ways. Discovered by John R, Hendricks and published in

The Canadian Mathematical Bulletin Vol 5 No 2, 1962.

David M. Collison constructed a 7 and an 8-Dlmensional magic 

Hypercube of Order 3.

EVEN THOUGH THE MATHEMATICS CAN PRODUCE THESE,

HOW ARE THEY BEST DISPLAYED?

Counting Magic Hypercubes

By John R. Hendricks
<magichypercubes@shaw.ca>





ORDER
       ORDER
    ORDER

Dim.   Aspects
 
THREE

FOUR
        FIVE 





BASIC

BASIC
      BASIC

2

  8

            1

     880
275305224







       Frénicle
Schroeppel

3
         48

           4







     Hendricks(1)

4
      384

         58

  






      Hendricks(2) 

5            3840         
     2992







       Collison(2)

6
   184320
          543328








    Keh Ying Lin

Notes

(1) Magic Squares and Cubes by W.S.Andrews had them all, but seemed not to realize it. 

(2) Keh Ying Lin got the same count 3 years earlier.
(3) For more detail on squares see:
<http://www.trump.de/magic-squares/howmany.html>

(4) Multiply aspect number times basic number to

get total number.   







Not too much more is known about the count aside from magic squares where


the count continues at a


rapid pace using statistical


approximation methods because the numbers are so immense. The numbers shown here are exact. 














PAGE  
8
John Robert Hendricks


