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BREFACE

Or. Douglas Derry told the class, "What I like is
n=dimensicnal space, because there 1s so0 much more
room to move around in," Robkin Thornton, a
clazssmate blurted out, "And, there is 2o much mora
room to get lost in."

Magic sguares are done on their own, with their own rules.
Sometimes modular equations are used. Sometlmes matrix
algebra is used. Number thecry, combinatorizl analysis
and whatever 1s around to help is used. Combine that with
the notions of n-dimensional space and you really have

2 challenge. This has been my pursuit for over fifty
Years.

I believe we have here the world's first truly perfect
4-dimensional magic tesseract. Also herein are the eguations
for the world's first five-dimensionzl perfect

magic hypercube. . ¥Yes! the perfect magic tesseract is

shown by equations on page 127 of the book "Magic Sguares to
Tesseracts by Computer,” and the program on page C25 can
produce it.

Howewver, in this hook, special programs have been written

for each hypercuba. They are shorter. The antomatic pathfinder
is included. The older programs of the book are more

general.

As the Bth-dimensicnal medel contains 5.8?194531010 numbers
and is of order &4, I shall leawve that as an exercise for
the student.

On page 36 I show how this wvery same theory can be applied
to making perfect mﬁgic hypercubes of odd order, providing
the order exceeds 27 and is & prime number. With an exchange
of digits procedure, using the rectangles of Chapter 3, of
my previous book, I think composite odd-orders will be
possible as we already have perfect magic squares and cubes.
But, what are we going to do about orders 4k+427
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ABSTRACT

If the order is 2”, then it iz possible to
make a magic n-dimensional hypercube which

is perfect, for all n®l. All hyperplanes

are perfect. For n*3 it is best stored in

a computer. It is bﬁgt expressed by equations.
For prime order p>»2, it is alsoc possible.

INTRODUCTION

The word hypercube must be used for those geometric
figures such as the square and cube in S=dimensional
space and higher, as there is no eother word available.
However, a sguare, cube and tesseract are also
hypercubes.

The Camercn Cube[§l],; has been displayed as a possible
perfect model., However, the authors admit that only
their central cube iz perfect and the outlying cubes
are not, Therefore, this paper is written to show what
is meant by "perfect."

Certain necessary conditions must be fulfilled before

an hypercube can be considersd perfect. These are listed
partially in my book [§2]. The result is that an
absolutely perfect magic hypercube of dimensipn n,
cannot be made unless the order is at least 27.

Most people reading this paper are familiar with the

concept of pandiagonality. Some will be familiar with
the noticons of pantriagonality and panguadragenality.
In n-dimensions there are n-agonals.

i,

§1. Journal of REecreaticnal Mathematics, Vol. 21, No.2,
1989, pp. 81-8B. The Cameron Cube.

§2. Magic Sguares to Tesseracts by Computer, by John ER.
Hendricks, self-published. $25.00 U.5. a copy,
or $32.00 Canadian currency per Copy.



THE GECOMETEY

Let the n-dimensional magle hypercube of order m fit
exactly inte the bounded space so that each element of

the hypercube is associated with an integer coordinate
sat;

[xl, Hor Hyp wewy ¥y

ey xﬂ:

which can be simplified to (x,y,z,w) for 4-dimensions,
or lower, as is the custom.

Each eoordinate axis, x., is looped inte a large circle,
so that when you go a distance m , in either direction,
you arrive back where you started.

In order to systematically and methodically find our
way through n-dimensicnal space, we create a "pathfinder.”
The pathfinder is a vector set:

Eali azx 3.3, menyp Hiyp o aaep an]

where &; has the wvalue -1, D, or +1 — three choices,

Once the set a, has been determined, a path is defined
through space %y the simple addition of the pathfinder
vector to the coordinate starting point, as many times
as needed to arrive back at the starting point. Thus,

Start: {xl. xz,...,xi,...,xn]

then: (ey+ay, Xytase.. ., xn+gn3

then: ¢x1+251,x2+231,...,, xn+2an}
eto.

defines a simple path through the hypercube.

I tend to use sguare brackets for the pathfinder and
curved brackets for the coordinates.



With three choices for a,, there are 3 possible
pathfinder vectors, but fiot all find paths. If all a =0
then there iz no change of position. Again, half of

the wectors will be the reverse direction. For this
purpose, let the first non-zero value of a. be +1.
Otherwise, maltiply all a, by minus ane, fhus, there are:

e |

p-3 -1 st}

different paths through the hypercube from any given
element .

DETTHNITIONS

l. If ohe coordinate alone is allowed to vary, while the
others are constant, then a row is defined.

¥You could alsc say that if one element of a pathfinder
is non-gero, then a row is defined.

2, If two coordinates alone are allowed to vary while
the rest remain constant, then a plane, or a sguare
is defined.

Howsver, if vom say that two elements of a pathfinder
are non zero, then a Z-agonal, ar diagonal is defined.

1. & cube can be defined by allowing three coordinates to
vary., while the rest remain constant,

Howaver, if you say that r elements of a pathfinder
are non-zero, then an r-agonal is defined.

4, B corner is defined when all elements of a coordinate
are either 1, or m. For example:
{l,m,m,1,1)

represents a corner in a five-dimensional
hypercube of order m.



5. An opposite corner is defined by changing the
ones to m's and the m's to ones.

Example: In 3-space (1,4,1) is opposite to (4,1,4)
1f the arder i= 4.

Continuous n-agonals tend to join opposite eorners while
broken n-agonals do not. But, we have made the space such
that all the broken n-agenals are continucus. Where

it matters is in the definition of a magic hvpercube.

B. B regular magic hypercube is an n-dimensional
array, similar to a magic sguare, or magic cube
of lower dimensional spaces, such that the sum
of any l-row and all n-agonals Joeining opposite
corners is given bw:

Ti
+ .
g = ié__EHLJ_JE e {2}

wherse m 1z the order of the hypercube.

7. A perfect magic hypercube 1s a regqular magic
hypercube in which all r-agenals alse sum the
magic sum and where all paths defined by
Equatien (1} sum the magic sum, through every
element in the hypercube. For examnple:

SUMMATIONS REQUIRED

MAGIC SQUARE MAGIC CUBE MAGIC TESSERACT
REGULAR REGULAR REGULAR
m rows m? rows m?! rows
m columns m* columns m? columns
2 diagonals m? pillars m?! pillars
RERREREREREERE 4  J-agonals m? files
EEREEER AR RN EY B 4d-agonals
PERFECT DI R R R
FERFECT
N rows DPERFECT
m columns m¥ rows
2m diagonals m? columns m! rows
m* pillars m? columns
Am? 3-agomals m? pillars
Em? 2-zgonals m! files

4m* 4-agonals
leém* 3J-agonals
12m* 2-agonals



THE NUMEEER OF r—AGONALS

In an n=dimensional magiec hypercube of order m, the number
of r-agonals is given by:

N = Etr'li !ncr_m[n_li o= r, =0 B+ {3:'

For this purpose, r=1 will yield the total number of
i-rows. For each hypercube, one calculates a set
from r=1 to r=n and sums them. Wot only the r-agonals
are contained within the hypercube, but so are the
many hyperplanes as shown below.

NUMBEERE OF HYPERPLANES
WITHIN AN HYPERCUEE

Magic HUMBER HUOMEER NUMEER WUMBER HOMEER

Hypercube of of of of ol
i=-rows EsSguares cubes  tesseract 5-D Hyp.

Sguare 2m 1 a 0 0
Cube 3m2 Im 1 a L]
Tesseract 4m3 Em2 LT 1 ]
5-D 4 3 2
Hypercube Sm 10m 10m Sm 1
E-D 5 4 3 2
Hypercube &m 15m 20m 15m 6m
-0 £ 5 4 3 2
Hypercube Tm 21m 35m 35m 21lm

Table 1. Pascal's triangle assists in revealing
the number of lower-dimensional hypercubes within
a given hypercube. 3ll these hyperplanes must be
nerfect in a perfect hypercube.

With a perfect magic hypercube, any element can serve as
the starting point on an axis reference system. Theres are
m' elements and therefore m" "diffprent" hypercubes,. Also,
each hypercubes may be wviewed in 2 'n! ways. So, frﬁm ong
perfect hypercube, wvou can immediately deriwve n”.2" . nt.



TWO CLOCKS

Suppose your cleck has 12 hours and mine has 2™ nours.

If you count by threes, ar nines on your clock, then you
get the hours 3, 6, %, and 12 and vou miss all the others.
Instead, you could start ab 1 and 4o 4, 7, 10, and miss

the others, =te. Only counting by fives, sevens elevens and
ones will yield all the hours.

For the evan interwvals of counting, ¥ou gither miss all the
odd hours, or all the even, depending upon where you start.

This is all because 3 is a commen factor of 12, that threes
and nines won't cover some numbers.

However, on my =lock with 2™ hours, all the odd numbers
have no common factor with 2. Hence counting by odd
iHcrements guarantees that I shall cover all hours after
2V terms. G

It also guarantess that if I count by even intervals, that

all my numbers will be odd, or they will be even. I may have

to go twice around the clock if counting by twos: oI, four times
around if counting by fours in order to get 2" numbers.

2 CYCLICAL GENERATED SERIES

The series: 0, 1, 2, 3, ..., 2"_1 is a gpecial series

with 27 terms. Consider that it goes around a circle like a
clock. If you go arcund the clock counting 2" terms,

by odd increments vou land on all the numbers once and the
sum is:

51 _ 2En-l _ 2n-—l

For example:
If n=2, then 4 terms, S= 6 Series:0,1,2,3
If n=3, then & terms, 5= 2B Series:z0,1,2,3,4,5,6,7
If n=3 +then 16 terms S=120 Series:0,1,2,...,13



If vou count by twos, vour seriss would be elther:

0, 2, 4, 6, ...,2"-2 with sum 92E=:2”'1-1},zn

e n Zn-1

B T e T CE | with =zum S5 2

20°
for 2" terms of either. (which is twice arcund)

In this particular series, we are also interested in the
lower half of the numbers, that is:

n-1 n=2 n=1

-2 with =zum S [2 =-1}.2

2EL”

and, _ o
. I'-.l_ with sum SEDL zn 3

twice around.

If we were to replace the lower half. of the numbers in the
long series at the top of the page by with the other lower
half, then the sum of the long series would change:

B SR e 2R 2P %
loneg short short
SvVen even odd
_ adn=1 n-1 _
SEE = 2 2 = sl
and similarly for SED - SEOL hiflase = El

You can alsg prove counting by fﬁuis, etg, If the numbers
less than 2 are replaced by 2 1 -N, then the
new series always sums Sl

This particular fact is why all lines of digits will be forced
to add to the same magic sum. It is a necessary regulrement.
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AN ADJUDSTED SERIES

In a cyclical generated series of 2" terms, whenever

then N' = 2

. (4]

can be found to replace W and change the series into one
which always has the sum:

If one uses odd increments and generates the series 4, 1, 2..
in some order, or other, Eguation (4) will only re-arrange

sofe of the terms.

Please see line 200 of
the computer programs., |

+®

If ong uses even increments and generates the series Lo By
then Equation (4) replaces the lower half of the digits

22 that it runs 0,2;4,....

The n-dimensional magic hypercube will have (2™)"

HUMEER SYSTEMS

to begin with. However, this will
force the sums of the adjusted series to be the same as for
odd lncremsnts.

numbers

in it. And, if we wake it with numbers starting at zero

and ending at:

2
e |

then if you use digits in the number system hase En, you

will require n digits. Zeros are usually put in so that all

numbers show four digits.

When vou sum a string of s digits, it can thus be made to

5uUm S

1

.



We wish to examine a series which i1s long enough to see
what happens and vet short—echough Lo be manageable. Let us
cxamine more closely the different series in the following
table.

Count
by Series Sum
1ls O [ L (O P S 25 *
25 Q, 2, 4, 6, 0, 2, 4, 6 | 24
Ly o3y B Ly BpomecF 32
is Qi3 pibpaly g B 28 *
43 a, 4, ¢, 4, 0, 4, 0, 4 146
Lob e B Ly B A05E 24
By AR -3y By R R 12
A, T, 3, 7, A Ty 3. 7T 40
Bs 008020075 oy 198550 25 *
Gs b, 6, 4, 2, 0, 6, 4, 2 24
oy Ty Iahgia a2
Ts O, J, 6 5; 4, 3, 2, 1 23 ¥

...
-
-
-

Table 2. Counting by a given interwal, it depends
upan whers you start what series yon are in and
what the sum of 2" terms will be,

Table 2 clearly shows that counting by odd incorements, all
digits are available and the sum is always 28. It may be
that the order is different though.

Count ADJUSTED SERIES

by Series Gum

25 3, 1, 4, &, 3, 1, 4, & 2B
X ol Gy R, 0,05,00 2B

is 3, 4, 3,4, 3,74, 3, 4 2B
e e L - ST B e 2B .
1, 6, 1, 4, 1, 6, 1, & 28
, 7, 0, 7, ¢, 7,0, 7 28

65 2, 6, 4, 1, 3, 6, 4, 1 28
2 0 7 0

f ?J’ "I'_JF r 2!’

Table 3. Shown is the result of the digital
aajustment by Eguation{d)] on the even
increments of counting.

For all such series of 2" terms, such a table can be made
and the usage of Eguation (4) will ensure that each line
of digits will sum the same sum.



- 10 -

THE DIGIT GENERATOR.

i-1 n-lx

D = x +2x +22}c3+,.,+2 K b2 (mod 2™) )

1 2 I

may serve as a digit generator and as a component hyper-
cuhe, where:

0 £D0 £ 2"1 and 1% x, z 20

and, where the digit D is in the number system base 1.5
For any given pathfinder, a line of digits will emerge
such as in Table 2, If x. alone 1s allowed to wvary, while

the others remain constafit, then an i-row is described
and a string of digits such as in Table 4.

Then, 1f Equation (4) is brought into the picture,
the string of [Latin-like] digits will sum:

8§ =2 5 @ R 1)

We may not hawve all the digits 0,1,2,..,,2n—1 in every Irow,
diagonal, or whatnot. But, we shall have them summing S
in every conceivable direction in the component hypercube.

THE OTHER COMPONENTS

The other components for a magile hypercuobe are cohtained by
rotating the component n times about its main n-agonal,
This is accomplished by shifting the coeificients so that:

= 2 n-1 n 5
D, ;% xl+2x2+2 Hate.. .42 x {mod 27} cena (7213

o= 2 3 n n .
D, g5 2% ¥27 R +2 Rt ot (mad 277} caea {722)

—-n=1 2 n=2 n i
Dy =2 xl+x2+2x3+2 x4+..2 X fmod 27) ....(7-n)

becone the equations of the magic hypsreube. FOT two
dimensions, the rotation becomes a reflection.
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TWO=DIMENSIONAL EXAMPLE

n=2

one does not often think of a square as an hypercube,
but it is. The perfect magic sguare is defined by the
equations:

D, = x + 2y (med 4) cee s (Ba)
Dy = 2+ oy (mod 4) A F:1:]
L =
If Di < 2  then Di =1 D, e {4}
and, N = le * D0 + 1 rrrrr BC)

where D, represents the first digit and D, the second digit
of the fiumber in the guaternary system of numbers and where
Egquation (8c) converts Ehe numbers to the decimal system,
carefully adding one so that the numbers will range from

1l to 16, istead of 00 to 33.

1a 24 34 44 12 20 32 00 g2 21 32 11
13 23 33 43 31 03 11 23 30 13 00 23
12 22 32 42 10 22 30 02 01 22 31 12
11 21 31 41 iz 01 13 21 33 10 03 20
Figure 1. Figure 2. Figure 3.
Coordinate Preliminary Adjusted
Lattice. Bquare Square.

The coordinate lattice has no brackets, or commas because
the numbers are integers and less than ten.

The preliminary sguare is not magic, just partially, as shown
by the diagonals and is in the guaternary number system.

The adjusted magic sguare is perfect. Converting Figure 3
to Figure 4, we obtain:

2 11 14 T

ls 5 4 L

Figure 4.
Ik pandiagonal madgic sguare.
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THREEE DIMENSTIONAL EXAMPLE

n=3

The perfect magic cuobe is defined by the Egquations:

D, S x +3y +4z (mod B) ... [52)
Di E 2x 44y +z {mod B) ... (8B)
Dy = 4x +y +22 (mod B) c-a 192)
LIy .
If Di{d then Dy =3 D, ce. 84}
and N = 64D, +8D,+D,+1 R =Y

D, represents the first digit, D, the second digit and D
tHe third digit in the octal number system. However, the
numbers range from zers to 511 in that system and when
converted to the decimal system one must be added to all
numbers to get the range 1 te 512,

A three-dimensional coordinate latkice, not shown here,
can be made upon which to assign numbers. But, a program
housing these equaticns is.preobably superior.

2 pathfinder wector is easier to use:

Path MNo. X Y Z
A0} A1) A(2)  AQ3) Description

1 a 0 1 pillar

2 a 1 -1 Diagonal
3 0 1 0 Column

4 i 1 1 Diagonal
5 1 -1 =1 Triagonal
f 1 =1 0 Diagonal
K 1 -1 1 Triagonal
8 1 ] -1 Diagonal
9 1 a0 4] Row
10 1 0 1 Diagonal
11 1 1 -1 Triagonal
1z 1 1 a Diagonal
13 1 1 1 Triagonal

The program is adjusted to accept that.



Let us examine a pillar through the number 1 in the octal number
aystem, hefore correction, after correction and in the
decimal number system with sums.

Using program 2 to £ind the cocrdinates of 1, we find

1 located at (5,5,5%). Therefore the pillar will

exkend from (5,5,1) to position (5,5,8) This will mean
Since the cube is perfect, one can start at (5,5,5) and
go in any direction. Using Path#l = [0,0,1] we arrive
at the following table:

e . Slse WiNGE  sENR

Coordinates D, Dl Dy D, Dl DU HNumbars
{5,5,:5]) 3 3 3 ] ] ] 1
{5,5,6) 7 4 5 7 q 5 4B6
{5,5,;7} 3 5 7 ] 5 7 48
{5,5,8) 7 G 1 7 ] 2 4959
(5:5,1) 3 7 3 ] 7 ] 57
(5,53,2) 7 0 5 7 3 ] 478
[5,5,3) 3 1 7 o 2 7 24
(5,5,4) 7 . 1 7 1 2 4549
Sums: 40 28 32 28 28 28 2,052

Table A. Clearly shows in the preliminary digite columns
different sums, which would not lead to the magic sum.

The adjusted digits rewveal the same sums for the different
digits.

It turns out that this is virtually the same perfect cube
asz shown in pp. 7B-B0 of the book. Certain planes have
been translocated.

This magic cube of order 8 is manageable either as in the
boak, or as stored eguations in a computer. But, when one
goes to the 4th-dimension, one would not want over 1500
&dd pages of magic sgquares representing the tesseract.



= 14 -

3-DIMENSTONAL MAGIC HYPERCUBE OF ORDER 2°

THE PEEFECT CUBE

141 100 53 284 333 420 501 220
497 224 137 104 49 288 329 424
330 423 498 223 130 103 50 287

51 2B6 331 422 499 222 139 102
140 101 52 285 332 421 500 221
504 217 144 97 56 281 335 417
335 418 503 218 143 9B 55 282
54 283 334 419 502 219 142 99

Figure 7a. Plane (x,y,B) TOP

33B 38) 490 255 145 7L 42 319
43 318 339 390 491 254 147 70
148 &% 44 317 340 389 492 253
426 249 152 A5 48 313 344 385
343 386 495 250 151 B6 47 314
46 315 342 387 484 251 150 &7
14% &8 45 316 34]1 388 493 252
£B% 256 145 T2 41 320 337 392

Figure 7b. Plane (x,v,7] SECOND
LAYER.



158
488
351

33
157
481
346

35

77
241
394
307

70
248
339

ilo

36
160
487
350

37
153
482

309

73
242
395
308

80
247

15

348 397 484

40 305 352

1549

74

39

486 243 1548

349 396 4EBS

33 312 345

154

75

34

347 398 483 246 155

Flgure To.
LAYER?

383

1339
449
378

3

188

402
299

84
2410
07
anz

B5

455
382

[4]

185
450
379

4

456 233 1352

Plane

234
403
300

B8
233
406
301

gl

245
353
306

75
244
400
311

78

[®,¥,6) THIERD

121
454
361

1
186
45l
so

8

B2
235
404
04

&7
238
05
297

1530
453
377

2
187
a52

384

238

g3
236
408
303

86
237

401

Figure 7d. Plane (x,y,5) POURTH
LAYER



181
457
370

11
180
464

373

92
232
215
254

93
225

410

13
177
458
71

12
g4

163

14 291 374

= 16 -

292

96
231
114
293

a9
226
411

373 412

9 296
178 45
459 230
372 413

16 2885
183 950
462 227

461
3an

10
1749
460
376

15
182

228
416
295

o4
228
403
2490

91

Figure Ye. Plane (x,v,4) FIFTH
LAYER.

382
1%
172
472
387
22

173

447
262
125
133
442
259

124

466
a3

20
174
471
366

21

465 200 169

199
446
261
121
1%4
443
260

128

170 127
467 1598
164 445
24 257
175 122
470 185
365 444

17 264

18
171
68
EL:T:

23
174
469
3al

263
126
197
441
258
123
198

448

Flgure Jf. Plane ({(x,v,3) SIXTH
LAYER.
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164 117 28 269 356 437 476 205
480 201 168 113 32 265 360 433
359 434 379 202 167 114 31 266
30 267 358 435 478 203 166 115
165 116 29 268 357 436 477 204
473 208 161 120 25 272 353 440
354 439 474 207 182 119 26 271

27 270 355 438 475 206 163 118

Figure JYg. Plane (%,v,2) SEVENTH
LAYER.

327 426 511 210 135 106 &3 274
62 275 326 427 510 211 134 107
133 108 61 278 325 428 509 212
505 216 129 112 57 280 321 432
322 431 506 215 130 111 58 279

59 278 323 430 507 214 131 110
132 109 60 277 324 429 508 213
512 2092 136 105 &4 273 328 425

Figure Th. Plane (x,y,1} BOTTOM
LAYER.
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54 283 334 419 502 21% 142 99
489 256 145 72 41 320 337 392
35 310 347 398 483 246 155 78
436 233 192 81 B 297 3B4 401
14 231 3749 411 4962 227 182 91
465 200 169% 128 17 Z2e4d 361 4438
27 270 355 438 475 206 163 114
312 209 136 105 64 273 328 425

Filgure 7i. Plane (x,1,y) FRONT
FACE.

MAGIC SQUARE ON & RECTANGLE
54 418 144 285 499 103 329 224

485 6B 342 250 48 389 147 319
33 399 153 308 486 74 352 245
458 85 379 2349 1 404 190 2985
14 410 184 253 459 95 365 228
465 124 366 194 24 445 171 263
27 439 161 268 478 114 360 205
512 109 323 215 57 428 134 274
Figure 73. Obligue cross-—-section

using Path #12 through pillar

(1,1,2) which connects to
pillar (8,8,z). See page 35.
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THE PERFECT MAGIC TESSERACT

The magic hypercube numbers N to be placed at coprdinates
[x-l;xz rHE.r . +_.-3f-n:| are:

B = —_—

Ph-1Pn-2- - -PaP1%

where the right-hand part of the eguation shows the digits
in order (not multiplied algebraically} in the nomber
system base it

Example:

In the dth—dimensiﬁn one would write:

Dy = x +2y+4z+Bw (mod 16} -..{0a)
D, = 2x +dy+BzEtw {mad 16) vea (9B}
Dl = 4x+Bykz +2w (mod 16} eas 13C)
D, = Bx 4v+2ztdw (mod 16) .0 19d)

where if D,<8 then D, is replaced by 7-D;

and the hexadecimal number N would be DHDznlnﬂ

which, when transformed inte the decimal system
of numbers would be:

2

i 3
H =16 D3+ 16D+ 15Dl+ D,y + 1 c. . (9e)

2

For the 4th-dimensional example, a study of the various paths
iz illustrated in Table 5., along with what we normally

call the path. The incrémental changes of the digits is also
shown, and a couple of examplec are shown on the subsequent
pages. TFallowing that, zince the determinant of the cosfif=
icients is not zere, the sguations may be solved in reverse.

Thiz means that for every number, you can find a coordinate
position and for every coordinate position, Yyou can

find a number. Thus, there is a one-to-one correspondence
and none of the numbers are duplicated.
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Fath UHIT INCREMENTS Increments of
Ho. X ¥ 5 W Digital Cycle

A0} A{1) R{2) A(3) A4} Description D(3) D(2) D{1) DO

1 0 o Q 1 file 8 1 2 4
2 ] o 1 =1 diagonal - 1z 7 15 14
3 0 o 1 0 pillar 4 B 1 2
4 ] V] 1 1 diagonal 12 9 3 &
5 ] 1 -1 -1 triagonal & 1l 5 11
b 0 1 =1 ] diagonal 14 12 7 15
7 ] 1 -1 1 triagonal & 13 o 3
2 ] 1 i} =1 diagonal 10 3 & 13
9 0 1 aQ 0 column 2 4 B 1
1o 0 1 0 1 diagonal 10 5 10 5
11 1] 1 1 -1 triagonal 14 11 7 15
12 1] 1 1 1] diagonal & 12 ] i
13 ] 1 1 1 triagonal 14 13 11 7
14 1 -1 -1 -1 guadragonal 3 5 9 1
15 1 -1 -1 i triagonal. 11 6 11 5
16 1 -1 -1 1 gquadragonal 3 T 13 5
17 1 =1 0 =1 triagonal 7 13 10 -
18 1 -1 o 0 diaganal 15 14 12 7
19 1 =1 0 1 triagonal 7 15 14 11
24 1 =1 1 =1 quadragonal 11 5 11 5
21 1 -1 1 0 triagonal 3 f 13 9
22 1 -1 1 1 gquadragonal 11 7 15 13
23 1 i -1 -1  triagonal 5 9 1 2
24 1 0 =1 O diagonal 13 10 3 [
25 1 0 -1 1 triagonal = 5 11 5 10
26 1 ] 0 -1 diagonal 9 1 2 9
27 1 0 0 1] oW 1 2 4 ]
28 1 il o 1 diagonal 9 3 & 12
20 1 0 1 -1 triagonal 13 E i &
30 1 0 1 o diagonal 5 10 2 10Q
3l 1 0 1 1 triagonal 13 11 7 14
iz 1 1 -1 -1 qguadragonal 7 13 9 3
33 1 1 =1 o triagonal 15 14 11 7
34 1 1 =1 1 quadragonal 7 15 13 11
35 1 1 ] =1 triagonal 11 5 10 5
36 1 1 0 O diagonal i & 1z 9
37 1 1 0 1 triagonal 11 7 14 13
38 1 1 1 -1 quadragonal 15 13 11 7
39 1 1 1 0 triagonal 7 14 13 11
aD 1 1 1 1 quadragonal 15 15 15 15

Table 5. The wvarious paths are nuwmbered and described.

The unit increments in the pathfinder are shown. Those
produce, through the digital equations, incremental changes
in the hezadecimal digits along different paths. None of
these turn out to be zero, or lé which would lead to
imperfection.
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Given Bouaticns (9a) to (9d), one ¢an alwavs find N.
Howevar, the eguations can alse be scolved 1ln reverse,
Given W, find its coordinates.

In general,

n
. - EDD D, ;*+2.p
1 g |
5 n
i znnrl L 2 .p
by fLE S |

and, in particular for the perfect magic tesseract,

2D, - D, + l6p

. B Enl - Dy + lép
15 i 15
e i T 2D; - D, + lép
o FEE 1 W= 15
&5 1%

whers p ic determined separately for each equation. As we
geek an integer solution, we simply add multiples of 16
until 1t dAivides exactly. Then % has that value and p is
unimportant.

This can be done wery rapidly on a computer.

AN ANALYSIS

Tables 6 and 7 provide a detailed analysis of a row and

d 4-agonal through differ
the hexadecimal digits an

ent points,

Both show the cyele af

number. Then,
how the sums o

d the correspending de
after the adjustment, sge J cimal

f the digits Straighten out.
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RO PRELIMINARY el
paTH #27 DT o DIGITS
GITS D.* O.% D, * D, *
[L,0,0,0] D. D. D. D U E s 1
Coordinates | 3 2 ~1 0 NUMBER |} : i : NUMBEE.
5 [
A B | 15 15 15 15 65536 15 15 1% 15 65536
{ 2,1,1,1) o 1 3 7 31z 7 E 4 0 3nz73
([ 3.1.1,1) 1 3 7 15 4992 & 4 o 15 25616
¢t 4,1,1,1) 2 5 11 7 9656 3 z 11 ] 21169
{ 5,1,1,1}) 3 7 15 15 14336 4 o0 15 1% 1gedd
{ 6,1,1,1) 4 9 3 T 1B744 3 9 4 0 14657
t 7,1.,1.1) 5 11 7 15 23424 2 11 b 15 11024
{ B,1,1,1) 6 13 11 7 2BDEA 1 13 11 ] 7e01l
{ 9,1,1,1} 7 15 15 15 32768 o0 15 15 15 40946
(10,1,1,1) B 1 3 T 33080 B g £ 0 34369
(11,1,1,1) 9 3 7 15 37760 9 4 0 15 37904
{12,1,1,1}) 10 5 11 7 42424 10 2 11 o 41649
{13,1,1,1) 11 7 15 15 47104 11 o 15 15 45312
(14,1,1,1) 1z o 3 T 51512 12 9 4 0 51521
t15,1,1,1}) 13 11 7 15 56192 13 11 0 15 55080
{la,1,1,1} 14 13 11 7 60856 14 13 11 0 60849
SUMS: 120 128 144 176 526784 120 120 120 120 524296
TABLE 6.
Path #1l1 Preliminary Adjusted
[1,1,1,=1] Digits Digits
Coordinates D i ) i)

Humber D 0. D
3 2 1 3 5 Dl 0 Humber

(L, 2, 3, 4} 1 & 15 o 5873 ] 1 15 7 25080
1, 3, g. 3y 15 1 & 15 61808 15 ] 1 15 63008
r

{1, 4, 2) 13 12 13 14 56543 13 12 13 14 56543
L, 5, 6, 1) 11 7 4 13 46926 11 0 3 13 451l
{1, €, 7,16) 9 2 11 12 37568 9 5 11 12 38333
(1, 7. 8,15) 7 13 2 11 32044 0 13 5 11 3420
(1, 8, 9,14y 5 8 9 1o 22683 2 B 9 10 10395
{1, @2.10,13) 3 3 O 9 13066 4 4 7 9 17530
(1,10,11,12) 1 14 7 & 7801 6 .14 0 8 28169
(1,11,12,11) 15 9 14 7 63976 15 9 14 0 63969
(1,12,13,10}) 13 4 5 6 54359 13 3 2 1 54050
{1,13,14, 9) 11 15 12 5 49094 11 15 12 2 49091
{1,14,15, 8) 9 10 3 4 39477 % 10 4 3 33492
(Tastie, M 3. 5 B0 Y9 T@ulest Cn 2 100 4 677
(1,16, 1, 6) 5 © 1 2 20493 2 7 & 5 10086
(1, 1, 2, 5y 3 11 8 1 15234 4 11 8 6 19335

SUMS : 1268 120 120 120 557114 120 120 120 120 524296

TABLE 7.
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A EAMPLE

Through the number 1,000 cbtain a sample of maths.

Using Program L=2, obtain the coordinates. The result
iz that 1,000 iz located at (7,4,6,6).

Using program L=1, determine a wariety of routs.

Path Path Fath Path
[UJ]—:DJI}] [ﬂ,l;-lr-l] [ﬂ;l,l;ﬂ‘] [l;lrl,l]
Column Triagonal Diagonal d-agonal
Al0)=5 A{D}=5 AfD}=12 B(0)=40
3%322 1000 1000 1000
o 57164 55045 5344
e 19074 15570 9679
S 37591 30066 14014
ek 63325 62101 18349
e 11009 10176 24476
10001 45510 48182 28299
1001 26222 26835
SEoas 3057 753 12010
e 53429 55292 64537
17781 13599 suéeg
40234 33015 5585
gggig 63652 62372 51523
s 9472 10049 47188
s 48699 48331 41061
e 27027 26670 37238
31527

524296 524296 524296 524294






















































