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The Third-Order Magic Sguare

& g 3 The magic sguare at the left, which sums 15, has besn
arcund for about 5,000 years. Some pecple sav that

3 5 7 there are eight of them. Others say that theres is
really only one beciuse the rest can be obtained by

& 1 g rotating andfor reflecting the cne.

The Thiro-Orider Magic Cuhe

Magic cubes can also be constructed, The four here sum 42 in each
row, each celumn, each pillar and in all four space diagonals.
Diagonals an the f£zces of =ach cube are not reguired to sum 42.

It was shown in 1972, in the Journal of Recreational Mathematics
that there are 192 magic cubes of order three. Likewise, some people-
say because of a possible 48 images caused by rotations and/or
reflections for a cube, the list reduces to the four below.
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Preface

Fuh-Hi, mythical founder of the Chinese civilization is
attributed to have started it all with his Loh Shu, the third-
order magic square [inside front cover], according to W.5.
Andrews in his book Magie Sguarse and Cubgs, Dover, N.Y,

I am not too sure from where, or wheo the first magiec cube
arose., [ do know that they were flourishing during the late
eighteen hundreds and early twentieth century. But, while
people made larger and larger sauares and cubes, I wished to go
the other direction. There were only a few hurdles Lo overcome.
W.5. Andrews had stated:

" The anafogy bedfween sguates and cubes {3 wot ponfect,

fon sows of numbers ean be avranged side by sdde o represent
a wisdhle sguave, Agquates can be pifed cne upon another o
make 4 visibfe cube, but cubes cannet Be so combdned in
deaing a4 fo pletuse do the sye thedr fighey sefationship,t

Another hurdle to overcome was the well-known model of the
tesseract. Bo, what was required, was some kind of open lattice
gimilar to the cube shown inslde front cover, which iz parti-
tioned. The model of the tesseract had to be redrawn and few
would leook at it because Andrews had said 1t was impossible,

In 1949, I sketchaed the first magie tesseract. Then, I noticed
that W.5. Andrews had his "magic octahedroid”™ which was in fact
another magic tesseract, but he did not know it. This i= my #2.
In 1980 came out the second edition of Andrews book continuing
the above guotation.

In May 1962, the Canadian Mathematical Bulletin k%ndly
published for me The Five and Six Dimensicnal Magic

Hypercubes of Order 3, thereby allowing extension of
magic sguares and cubes intoc higher dimensicnal spaces.

In April 1968 The American Mathematical Monthly kindly
puklished The Pan-4-Agonal Magic Tesseract, showing
a higher order and analogous to the pandiagonal sguare.

In 1972, Andrews had left it "up in the air"” as to how many
magice cubss of order three thers were. 5o, the proof came out
in the Journal of Recreational Mathematics Vo. 5, No. 1, 1872,

There were 4 basic magic cubes and 48 wavys to show each.

In 1973, I realized that there were three "species" of third-
order magic tesseract. Was the third kind an empty set? . By

1955 I had the apswer and started to publish all magic tesseracts
of order 3 in Journals of Recreational Mathemztics from

Vol, 1B. No. 2 to completion in Vol 22, No. 1, in 1990.
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Figure. The redrawn tesseract
partitioned to show cubes and
all number=s in one diagram.

During all of this, Keh Ying Lin of Taiwan, published in 1986 his
article Magic Cubes and Hypercubes of Order 3 in Discrete
Mathematics 58 (1986) North Holland, We both showed that there
were 58 Magic Tesseracts of Order 3. Each could be viewed in 384
aspects due to rotations/reflections. There would be 22,272
altogether, Whale I was drawing them all, he counted higher
dimensions, Hiz method was different,

His method counted them without. showing them, although he
explains how to get them. What is mere important, he further
showed that there are 2992 hasic magic hypercubes in the
filth-dimensional space of order 3. Each can be shown in 3,B40
ways and amounts to 11,485,280 of them altogether.

He zlso showed that in 6-dimensional space there are
543328 magic hypercubes and 46,080 aspects to view them. This
means there are 25,036,554,240 six-dimensional magic
hypercubes of order three.

The late David M. Colliscon [1937-1991] verified by computer
exhaustion 58 magic tesseracis of order 3. He also sent me
4 computer printout of the 7- and 8-dimensiocnal examples.

This booklet is about order 3 mapic tesseracts. But, wou should
note that some tesseracts of orders 4 and 5 have already been
published and that Meredith Houlton of San Diego has sent me
printouts of mapic tesseractsz of arders 3, 5, 7, and 8.



Chird-Oraer Magic Tesseracts

L magic tesseract has 16 corners, as outlined by the lines
on Figure 1. Through esach corner extend four rawvs, which
could be called the row, the column, the pillar and the file.
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Figure 1.

In order to list magic tesseracts, so as not oo unwittingly
have duplicates caused by mere reflections and/or rotations,
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an =2asy method of keeping track of them had to be devisead.

It was found that one counld look at all 16 corners. One could
find the lowest corner number, which in Figure 1 is 12, which

is circled. Through that corner runs four rayvs:

12 - 76 - 35 12 - &1 - 50

12 - 52 - 5% 12 - 62 = 495

Take the first number zlong =ach rav: 76, 61, 52 and 62 and
arrange them in numerical order and write:

12 52,61,62,76.
This can be found in the Table to bhe Magic Tesseract #9%, which
means it is the ninth one to be discovered. It is of speciss 3

which is explained on pages 4 to T inclusive. If you compare
it with 9, it is the =zame without rotation &for reflections.

If you wish to know more about 4-dimensicnal space and/or mores
about the magic tesseract, then vou must r=zad:

Magic Sgquares to Eesseracks by Compuber

shown at the end af this booklet.

BEzch magic tesseract can be shown in 384 ways due to rotations
and/or reflections., There are 22,272 in all.



Tahle

Adjacart Adiacent
Corper Axés Numbers MT & Spacies  Corner Axes Numbers MT % Soecies

1 45,51,53,34 38 3 4 54,66,73,80 B3 3
1 45,80,7M,72 48 3 4 54,723,747 55 3
1 51,60,77,78 S4 3 5 43,46,48,54 51 3
1 53,7T.77,80 34 3 5 43,64.88,72 43 3
1 54,72, 78,B0 | 1 5 45,45,48,52 45 3
27 43,51,52,84 12 2 5 4564, 688,70 39 3
Z 43,68,70,72 i1 2 5 48,72,73,79 13 2
2 45,43,52,54 26 2 5 62,7%,73L,78 2 2
2 46,67,70,72 18 2 5 54,667378 20 2
ﬁf‘t- 2 #689,76.78 15 2 § 54707275 & 2
27 51,687.76.78 25 2 6 43,46,47,52 28 2
2 E2,70,78.B1 3/ 3 6 43.84,6570 28 2
7 F2L7L7EE1 3 3 & 52.70.73.74 w0 3
2 52,72,78,79 3 3 W 51,808,607 30 2
2 s4,70.76.81 37 3 10 53,80, 62.20 27 2
2 54,70,78,7% 32 3 10 54,60,62,81 48 3
? 54,72,76,79 33 3 0 54,60,63.8B0 47 3
3 43,49,52,653 44 3 10 54,562,683, 78 48 3
3 43,67,70,71 B0 3 11 49,58,60,78 42 3
3 52,70, 76,80 1 i1 51,55,80.76 40 3
3 B3, 71,7780 3 3 11 52,61,83,78 5 2
4 45,47,48,34 13 2 11 54,60,61.79 7 2
4  45,85,66,72 23 2 i1 54,61,83.78 17 2
4 47,71,74,B0 24 2 12 49,58,58,76 22 2
4 48,65.80,81 58 3 12 52,61,62.78 9 3
4 48,72,74,81 88 3 13 53,56,62,74 4 3
4 48,72,75,80 52 3 13 54,37,82,75 2 2
4 B3,85,74,80 14 2 13 64,57,83.74 18 2
4  54,86.74,81 37 3 14 54,57,61,71 8 3

Mote: Simply lcak at the miagic tessarsct, lird the [owast coener number and 1he numbers
scljacent aleng each af the [our axes and yaw can delesmeng whalh fages Tesssract you
have. Although 7, B, and % dorus a4 carners, they do rat serve as minimut COTNErs.



The Speries

Consider the magic sgquare of order three; the magic cubs
of order three; and, the magic tesseract of arder three.
Consider where you find the odd and even numbers. The
word "species" refers to an intrinsie property concerning
the positioning of odd and ever numbers.

Legend

B An even number

] 0 An odd number

Diagram £1.

Diagram #l represents any magic square of order three.
An even number is always found in the four corners af this
sguare, Thus, there is enly one species,

Diagram #2 represents any magic cube of order three,

The feur corners of any face of the magic cube must contain
three even numbers and ane odd number. Thus, in spite of
rotations and reflections, there is only one kind of

Magic cube, i.2. only one species.

f_ 2
,dT/T -

15,

Diagram #2.
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Diagram #3. Speciss #1.

When it comes to four-dimensional space, you Will find
that there are three different kinds of magic tesseracts

of order three.

Diagram $1 shows the first species. Find any coIner with an

odd number and examine the four rays [row,column,pillar,file]
passing through it. If the rest of the numbers are even Numbers:
then the magic tesseract is Species r7l.

Out of the possihble 58 basic magic tesseracts, there are only
two which are species #1.
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Diagram #4. Species 2.

There are 24 magic

tesseracts of this species, shown 1in
Diagram #4.

Again, consider an odd number in a corner, If two of

the rays contain the rest in odd numbers and two of the

Fays contain the rest in even numbers, then the magiec
tesseract is af Species #2.
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Diagram 45. Species #3.

There are 32 magic tesseracts of this species — the
greatect number. Througnh an odd mumbered corner, either
the remainder of the numbers are even in only one ray; or,
the remainder af the numbers are odd in only one ray.

The magic tesseracts are numbered $1 +to #58 in the
order in which they were discovered.
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