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Magic Squares of Order Four
by John R. Hendricks and Harvey Heinz
So many books have been written showing the 3rd order magic square that I thought  that the order four magic square might serve as a better model to use, because it is also relatively small and has practically all the major features that the larger ones have.

A good starting point, is Figure 1, with the numbers in their natural order. 
Sixteen numbers have been placed in a square array.

	1
	2
	3
	4

	5
	6
	7
	8

	9
	10
	11
	12

	13
	14
	15
	16

	Figure 1. Numbers in 
natural order.


Any numbers will do, but they must all be different. One way to ensure this is to use the consecutive numbers starting at 1. 

What is a Magic Square?

A magic square is a square array of different numbers that sums a constant sum in each row, each column, and in both diagonals. If it only sums the constant sum in rows and columns then it is called a semi-magic square. A regular magic square contains the numbers: 
1, 2, 3, 4, 5, ….., m2 where m is called the order and the little 2 means that the number m, whatever it is, is multiplied by itself,  For the magic square of order 4.  m = 4 and n = 2 and the sum of a regular magic square is found to be 34, by using the following equation, or formula: 

S = m(1+m2 )/2 

,,,,,(1)

and for order 4 this means 


S=4(17)/2 = 34 

….(1a)

Another way to see this is to find the sum of all the numbers, 136 and then each row must be 34 which is 1/4 of them all, 

The Probability, or likelihood

The likelihood that one would be able to write a magic square straight out by chance is very remote, I shall leave the 3rd order one for you to do as it has only nine numbers.

There are 16 ways of choosing the first number and then 15 ways of choosing the second one, which makes 240 ways of choosing the first two numbers, etc. This boils down to: 

m2 ! = 16! = 16x15x14x13x12x11x10x9x8x7x6x5x4x3x2x1 = 2x1013 , or about 20 million, million ways of placing the numbers into the square. 

Out of all these ways, only 7040 squares turn out to be magic ones, 

Magic Squares are a self-imposed puzzle to solve, as a pastime, something like solitaire. They started about 5.000 years ago and many people all over the world make very intricate designs and elaborate patterns, They have also extended into magic cubes and higher dimensional spaces. Logic and mathematics are used to make them.

Make the first one using Figure 1. 

You know so far that the sum of each row, column and diagonal will be34. You can see the diagonals already sum 34 and the diagonals also just happen to be the hard part to achieve. Therefore, can the rest be moved around without disturbing the diagonals?

	1
	2
	3
	4
	
	1
	15
	14
	4

	5
	6
	7
	8
	
	12
	6
	7
	9

	9
	10
	11
	12
	
	8
	10
	11
	5

	13
	14
	15
	16
	
	13
	3
	2
	16

	Figure 2. Interchange numbers shaded the same
	
	Figure 3; A Magic Square


Rotations & Reflections 

	1
	15
	14
	4
	
	13
	8
	12
	1

	12
	6
	7
	9
	
	3
	10
	6
	15

	8
	10
	11
	5
	
	2
	11
	7
	14

	13
	3
	2
	16
	
	16
	5
	9
	4

	Figure 3. Same one 90 degrees 
	
	Figure 4. Clockwise rotation


There are two kinds of rotation as shown below: 
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We mean the kind in the figure at the right (c). 

You will notice in both rotations and reflections, we straighten out the numbers, so as not to have someone standing on their head to read it. 

Figures 3 to 10 inclusive, show all that can be done by rotation and/or reflections. This does not mean that you cannot achieve a certain square in some other way. All that is being said is that Figure 10 can be made by a Lake reflection followed by a Mirror reflection instead of the way it was done directly.. A 180 degree rotation also does the same thing. This rotation/reflection can be used for all sizes, or orders squares, Some people say that when you have a rotation. &/or reflection of another square you do not really have a different one. Magic Square experts now tend to use 880 as the total number of different magic squares order 4. They write that there are 1x8 magic squares of order 3; 880x8 of order four. Duplicates often occur when some method of making them is used which makes it difficult to count. When you go to magic cubes there are 48 in the group of cubes caused by rotations/reflections. 

	

13
	3
	2
	16
	
	16
	5
	9
	4

	8
	10
	11
	5
	
	2
	11
	7
	14

	12
	6
	7
	9
	
	3
	10
	6
	15

	1
	15
	14
	4
	
	13
	8
	12
	1

	Figure 5. Lake reflection of Figure 3.
	
	Figure 6. Lake reflection of Figure 4.


	16
	2
	3
	13
	
	4
	14
	15
	1

	5
	11
	10
	8
	
	9
	7
	6
	12

	9
	7
	5
	12
	
	5
	11
	10
	8

	4
	14
	15
	1
	
	16
	2
	3
	15

	Figure 7. Camera View of 
Figure 3
	
	Figure 8..Mirror reflection of Figure 3.


	4
	9
	5
	16
	
	1
	12
	8
	15

	14
	7
	11
	2
	
	15
	6
	10
	3

	15
	6
	10
	3
	
	14
	7
	11
	2

	1
	12
	8
	15
	
	4
	9
	5
	16

	Figure 9..Counterclock wise Rotation of Figure 3.
	
	Figure 10.  Diagonal Reflection of Figure 3.


Pandiagonality

Before going any farther, the notion of broken diagonals must be discussed. Also, we must look at "bent" diagonals. 

	You are so amazed at the magic square that you have decided to redo the floor that you have decided to redo the floor Figure 12.
	4

9

16

5

14

7

2

11

1

12

13

8

15

6

3

10

Figure 11. Floor tile







	4
	9
	16
	5
	4
	9
	16
	5
	4
	9
	16
	5

	14
	7
	2
	11
	14
	7
	2
	11
	14
	7
	2
	11

	1
	12
	13
	8
	1
	12
	13
	8
	1
	12
	13
	8

	15
	6
	3
	10
	15
	6
	3
	10
	15
	6
	3
	10

	4
	9
	16
	5
	4
	9
	16
	5
	4
	9
	16
	5

	14
	7
	2
	11
	14
	7
	2
	11
	14
	7
	2
	11

	1
	12
	13
	8
	1
	12
	13
	8
	1
	12
	13
	8

	15
	6
	3
	10
	15
	6
	3
	10
	15
	6
	3
	10

	Figure 12. Tiling a floor with magic square tiles, 


In Figure 12. A square of 16 numbers has been coloured in red. 
The portion in red is also a magic square. If you try tiling a floor with Figure 1, you will find that it  does not produce a magic square. The portion in green is also a magic square. Any set of 16 numbers, in a square array on the tiled floor will produce magic squares. Now, this tiled floor could extend to infinity. Any set of four numbers in a straight line will sum 34. 

There is another way of looking at it. Put your magic square on a sheet of rubber and roll it into a cylinder, then stretch the cylinder and bend it around until you have a donut.

[image: image2.png]



Figure 13. The pandiagonal magic square from fig. 12 mapped onto a donut (torus).

In figure 13, the rows appear on the annular rings, the columns appear on the sectional rings. The diagonals may be seen by skipping from one ring to the next as you move around the torus.

	      Whether, or not you place a magic square on the surface of a donut, or you tile a floor with it, means that you have made broken diagonals into continuous ones.
	4

9

16

5

14

7

2

11

1

12

13

8

15

6

3

10

Figure 11a. floor tile




A magic square of order 4 has two continuous diagonals and six broken diagonals.  
Figure 11a shows one broken diagonal. Can you find the rest? If all 8 diagonals and 4 row and four columns sum 34, then it is called a pandiagonal magic square. 
Figures 11b and 11c show in colour all 8 diagonals.

	4
	9
	16
	5
	
	4
	9
	16
	5

	14
	7
	2
	11
	
	14
	7
	2
	11

	1
	12
	13
	8
	
	1
	12
	13
	8

	15
	6
	3
	10
	
	15
	6
	3
	10

	Figure 11b. Diagonals
including broken ones.
	
	Figure 11c. Diagonals
including broken ones.


Before heading towards bent diagonals, we look at some of the easier proofs of things we should know about 4th order squares. 

Theorems: Algebraic Proofs

Algebra to me is that part of mathematics where you use letters or other symbols be some number to be determined what it is later. 

	Each letter stands for one of the numbers 1 to 16 but we don't know which one. If we can show something about squares in general it speeds up our possibility of finding, or not finding some of them.
	A

B

C

d

E

F

G

h

I

J

K

l

M

N

O

p

Figure 14 A square of letters which stand for unknown numbers.




Theorem 1. The sum of the corners of a regular magic square of order 4 is always 34. 

a + f + k + p = 34 

a diagonal 

…(2) 


a + b + c + d = 34 

a row 


…(3) 


d + g + j + m = 34 

other diagonal 

…(4) 


m + n + o + p = 34 
a row 


…(5) 


add and get: 


2a + b + c + 2d + f + g + j + k + 2m + n + o + 2p = 136 
…(6) 


But, b + f + j + n   = 34 
a column 

…(7) 


and,  c + g + k + o =34 
a column 

…(8) 


By subtracting  Equations 7 and 8 from 6, we have 

2a + 2d + 2m + 2p = 68 



…(9) 


and dividing by 2 we get; a + d + m + p =34 
…(10) 


This proves the corners sum 34 for all magic squares of order 4. 

Theorem 2. The sum of the nucleus of a regular magic square of order 4 is always 34. 

	a + f + k + p = 34

…(2)

d + g + j + m = 34

…(4)

by adding these and subtracting
Equation 10 we find

f + g + j + k = 34 

…(11)

But, these elements form the
nucleus of a magic square order 4.
	a

B

C

d

e

F

G

h

i

J

K

l

m

N

O

p

Figure 14 A square of letters, which stand for unknown numbers.




So. If you know that the sums of rows, columns and both diagonals sum 34 in  a magic square if order 4 then the corners and nucleus must also.
When one tries the four quadrants they do not follow  such a property for all magic squares.. 

Classifying Magic Squares

Maurice Kraitchik, in his book Mathematical Recreations, Dover Publications 1953, pp. 188-191 shows an elaborate way of classifying magic squares of order 4. A serious student should read it. Actually this index system was proposed by Bernard Frenicle de Bussy before his death in 1675 and published in 1693 (his list of the 880 basic solutions for order 4). 

I am slightly changing it a bit for my purposes. I collected magic squares as a boy and found I had to keep track of them all. In order to do this, I had to develop some method to determine what I had, or did not have. So far, we have found two: 

	1
	15
	14
	4
	
	4
	9
	16
	5

	12
	6
	7
	9
	
	14
	7
	2
	11

	8
	10
	11
	5
	
	1
	12
	13
	8

	13
	3
	2
	16
	
	15
	6
	3
	10

	Figure3.  Regular Magic Square
	
	Figure 11 , Pandiagonal Magic Square 



To keep track, one rotates and reflects a magic square so that the lowest of the four corner numbers is in the top-left hand corner. Then, one looks at the string of numbers , in this case 1-15-14-4  and 1-12-8-13  leading off from the corner  of Figure 3. 




	The lower of the second numbers is placed in the row, so this would enter the magic square catalogue as fig 15.
which we also saw in Figure 10. To save space, the other 7 varieties by rotations and reflections, do not enter the catalogue.
	1

12

8

13

15

6

10

3

14

7

11

2

4

9

5

16

Figure 15 This is figure 3 normalized.




Making Magic Squares

There is not just one way of making magic squares, The oldest and most used way is by trial-and-error, This goes hand-in-hand with the balancing of high numbers with low ones as was shown in making Figure 3. Interchanging rows and columns is often used.
Start with Figure 3 again:

	1
	15
	14
	4
	
	1
	14
	15
	4

	12
	6
	7
	9
	
	8
	11
	10
	5

	8
	10
	11
	5
	
	12
	7
	6
	9

	13
	3
	2
	16
	
	13
	2
	3
	16

	Figure3.  Regular Magic Square, associated.
	
	Figure 16 Regular Magic Square, associated.


Interchange the two central columns shown by red numbers and at the same time interchange the 2 central columns (green zone). To be called associated, pairs of numbers with sum 17 must lie symmetrically opposite across the center. This is important not only because it describes the symmetry, but also means you need only to know half the square as you can reconstruct it anytime.

Making More Magic Squares

	1
	15
	14
	4
	
	1
	14
	15
	4

	12
	6
	7
	9
	
	8
	11
	10
	5

	8
	10
	11
	5
	
	12
	7
	6
	9

	13
	3
	2
	16
	
	13
	2
	3
	16

	Figure3.  Regular Magic Square, Associated.
	
	Figure 16 Regular Magic Square, Associated.


	Figure 16 is made from figure 3 as mentioned in above section.
Figure 17 is a result of interchanging rows and columns 3 and 4 (of fig. 16).
	1

14

4

15

8

11

5

10

13

2

16

3

12

7

9

6

Figure 17. Panmagic
1


Bent diagonals

	Benjamin Franklin was very well known for his huge magic squares, which always had the bent diagonal with the magic sum, but not the diagonals that we use today.  The bent ones run from one corner to an adjacent corner through the center of the square. .
	1
4

14

15

13

16

2

3

8

5

11

10

12

9

7

6

Figure 18. Bent Diagonals


	We personally believe that bent diagonals makes the square a better one as long as the continuous ones are also correct.
What rows and columns did we change on figure 18 to create figure 19?
	1

4

15

14

13

16

3

2

12

9

6

7

8

5

10

11

Figure 19. Bent Diagonals


	Panmagic" is an abbreviated word some authors have used. It means Pandiagonal Magic. Figure 20 is derived from figure 19 by exchanging rows and columns 2 and 3.
	1

15

4

14

12

6

9

7

13

3

16

2

8

10

5

11

Figure 20. Panmagic



Other Designs

	Here, the square has the complementary numbers located equidistant across a vertical line. 
Maurice Kraitchik's example.
	1

4

13

16

14

15

2

3

8

5

12

9

11

10

7

6

Fig. 21 Horizontal Symmetric




There are many methods using, modular equations and the method of components, which a beginner can search.

I hope that this booklet helps to explain many of the concepts about Magic Squares using the 4th order as an example.

Not only have larger and larger Magic Squares been made with increasing order and complexity, but so have they also been extended to Magic Cubes and 4-Dimensional Magic Tesseracts and indeed n-Dimensional Magic Hypercubes.

There is much more information on the World Wide Web about magic squares. A site by one o the authors is at http://www.geocities.com/~harveyh/magicsquare.htm
_1165124680.bin

